Abstract. We compute the triple gluon, quark-gluon and ghost-gluon vertices of QCD at the symmetric subtraction point at two loops in the MS scheme. In addition we renormalize each of the three vertices in their respective momentum subtraction schemes, MOMggg, MOMq and MOMh. The conversion functions of all the wave functions, coupling constant and gauge parameter renormalization constants of each of the schemes relative to MS are determined analytically. These are then used to derive the three loop anomalous dimensions of the gluon, quark, Faddeev-Popov ghost and gauge parameter as well as the β-function in an arbitrary linear covariant gauge for each MOM scheme. There is good agreement of the latter with earlier Landau gauge numerical estimates of Chetyrkin and Seidensticker. 
Introduction.
The structure of the renormalization group functions of Quantum Chromodynamics (QCD) has been established to a high degree of precision for well over a decade now. Originally the one loop discovery of asymptotic freedom due to the negative β-function, [1, 2] , was swiftly followed by the two loop computation, [3, 4] . Within a decade the three loop term emerged, [5] , but the four loop result, [6] , took substantially longer to determine. It was later confirmed in [7] . To appreciate how involved the calculation of [6] was, it required the evaluation of the order of 50000 of Feynman diagrams and an intense amount of symbolic algebraic manipulation using the language Form, [8] . Also new techniques to evaluate four loop Feynman integrals were developed, [8] , as well as the coding of a Form routine to handle the colour group algebra manipulations automatically, [9] . In addition to the β-function governing the running coupling constant the other renormalization group functions have been available at a variety of loop orders over the same time scale, [10, 11, 12, 13, 14, 15] . In summarizing the status of the basic renormalization group functions of QCD we have concentrated on the status of the modified minimal subtraction, MS, scheme. This renormalization scheme is the most commonly used for perturbative QCD computations. It is used primarily because it is a mass independent scheme. Consequently one simplifying feature is that all the Feynman graphs which one needs to evaluate to determine the β-function to four loops in this scheme involve single scale 2-point Feynman integrals. This means, for instance, that techniques such as integration by parts can be systematically used to reduce integrals to either basic master topologies or simple chain type integrals whose evaluation is effectively trivial. Indeed the Mincer algorithm, [16] , is an excellent example of the implementation of integration by parts and has been coded in Form, [8] . Briefly Mincer determines massless 2-point integrals at three loops to the finite part with respect to the regulator. The divergences are written as simple poles in ǫ where d = 4 − 2ǫ and d is the arbitrary spacetime dimension of dimensional regularization. The latter, which we will use, is the main regularization method for perturbative quantum field theories and, for instance, preserves gauge invariance. Whilst Mincer has been used extensively for many problems other than the basic renormalization group functions of QCD, the Form version, [17] , was used to renormalize the QCD coupling constant at three loops, [12] . The reason for this is that one can nullify an external momentum of one of the legs of a 3-point function, without introducing spurious infrared infinities, and hence apply the Mincer algorithm to obtain the correct three loop MS β-function of [5] . Although this has proved to be a powerful technique for renormalization group functions, for more physical problems the MS scheme has several drawbacks.
One of these is the fact that the MS scheme is not a physical scheme. Specifically, the subtraction at the vertex as noted earlier in the Mincer approach is at a point of exceptional momentum. Whilst this is sufficient to extract the divergences and hence find the renormalization constant, one would have potential infrared ambiguities if one were trying to make a measurement of the finite part of the associated vertex function at this exceptional momentum configuration. This has been known for a long time, [18, 19] , but has also been remarked upon again more recently in the specific context of Green's functions with an inserted operator, [20] . Indeed the measurement of vertices is a topic of interest as one can study any of the vertices non-perturbatively using say lattice regularization. Such analyses are necessary for determining the strength of the strong coupling constant accurately for comparison with experiment and examining its behaviour at low energy. Therefore, it seems appropriate to consider vertex momentum configurations which are non-exceptional and hence schemes which are physical rather than the unphysical minimal schemes. A set of such schemes was introduced in [21] and given the general designation of momentum subtraction schemes being denoted by MOM. In essence they consist of two criteria. The first is that 3-point vertices are considered at a symmetric subtraction point, [21] . In other words the squares of the three external momenta are all set equal to each other. Therefore, there is no nullification of an external momentum and hence no exceptional momenta. The second is that at the subtraction point the scheme is defined in such a way that after renormalization there are no O(a) corrections where a = g 2 /(16π 2 ) and g is the gauge coupling constant. Thus the renormalization constants all contain finite parts, [21] , in addition to the poles in ǫ which must always be subtracted. In [21] the MOM schemes were analysed comprehensively at one loop. By schemes we mean the three types derived from the respective three 3-point vertices in the canonical linear covariant gauge fixing. These are denoted by MOMggg, MOMh and MOMq due to their origin from the respective triple gluon, ghost-gluon and quark-gluon vertices. Indeed these one loop MOM scheme computations of the renormalization group functions have been the state of the art for a long time for a relatively simple reason. This is because for the vertex renormalization the symmetric subtraction point momentum configuration introduces single scale 3-point Feynman integrals, [21] . At one loop there is only one such basic master integral to evaluate which was given in [21] . However, at two loops there are several basic master integrals which were only evaluated analytically in recent years. Therefore, it is the purpose of this article to extend the work of [21] to two loops. We will achieve this by evaluating all 2-point and 3-point vertices to the finite part at two loops at the symmetric subtraction point analytically. Hence we will determine the gluon, Faddeev-Popov ghost and quark wave function and coupling constant renormalization constants for each of the three MOM schemes in an arbitrary linear covariant gauge. En route we will also provide the structure of each of the three vertices to the finite part in the MS scheme at the symmetric point. This information should prove useful to lattice groups seeking to measure any of the vertex functions in the MS scheme. For instance, in such an exercise the lattice results must match onto the ultraviolet part of the vertex function which is where perturbation theory is valid. Equipped with the two loop renormalization constants we will also determine the conversion functions for each scheme including the relation between the coupling constants. Hence via properties of the renormalization group we will determine each MOM scheme renormalization group function to three loops in an arbitrary linear covariant gauge.
Finally, we mention other related work in this area. Prior to this article there were approximate calculations of the three MOM β-functions in the Landau gauge, [22] . This was achieved by approximating the basic master two loop integrals at the symmetric point by an expansion where one of the external momentum is marked to produce an asymmetric Green's function. Then the integrals were expanded in the ratio of this marked momentum to the other independent momentum, [22, 23] . So if a sufficient number of terms is computed in this parameter, where the coefficients are rapidly decreasing in size, then a reasonable approximation can be deduced by truncating at an appropriate order, [22, 23] . Moreover, error estimates can be deduced. In this expansion the 3-point functions reduce to 2-point functions. Hence each term in the series is evaluated using the Mincer algorithm. Indeed we previewed the results of this article in [24] , by providing the exact three loop QCD MOM β-functions in the Landau gauge and demonstrated how accurate the results were in comparison to [22] . This was a very close overlap which was impressive given the level of computing technology available to the authors of [22] at that time. Next, it would be remiss if we failed to mention a related three loop MOM β-function computation given in [25] . There the MOM β-function was defined using the invariant charge concept of [26, 27] . As it involves only finite parts of 2-point functions it is independent of any of the vertices of the theory unlike the MOMggg, MOMh or MOMq schemes. Hence, aside from the Riemann zeta series, it does not have any of the special number structures, such as harmonic polylogarithms, which derive from the single scale 3-point master integrals and are evident in our analytic results, [24] . Also in this context a variation on this theme of es-tablishing MOM scheme definitions based solely on 2-point functions has been developed more recently in [28] . Known as the minimal MOM scheme it circumvents a renormalization condition based on the ghost-gluon vertex 3-point function by imposing the alternative condition that the renormalization constant of the ghost-gluon vertex is the same as that of the vertex in the MS scheme itself. One benefit of this is that in a linear covariant gauge a non-perturbative running coupling constant can be defined purely in terms of the gluon and ghost propagator form factors. With this definition the running coupling constant can be measured more accurately in principle using lattice gauge theory techniques. For instance, recent activity on this specific aspect can be found in [29, 30] . Given that one can determine the gluon and ghost 2-point functions to several loop orders in perturbation theory, the four loop minimal MOM β-function has been determined in [28] . Though unlike [25] quark mass effects have only been estimated in [28] . Finally, we note that the measurement of vertices non-perturbatively is not exclusively studied by lattice techniques. For instance, recently the triple gluon vertex was examined using Schwinger-Dyson methods, [31] . Therefore, the structure of the two loop vertices given at the symmetric point here should also prove relevant in analyses using those techniques too. Other two loop studies of 3-point vertices of QCD include the results of [32, 33] where the triple gluon vertex was examined in the zero momentum limit and in the on-shell configuration respectively. The latter also includes the same analysis for the ghost-gluon vertex.
The article is organized as follows. We outline the general formalism and notation we use in section 2 as well as discussing various aspects of the renormalization in each of the three MOM schemes in section 3. The results for the MS and MOM amplitudes of the respective vertex functions as well as the conversion functions and the three loop renormalization group functions are given in each of the three following sections * . Finally, we present conclusions in section 7. An appendix contains the explicit tensors of the bases for each of the three vertices as well as the respective projection matrices.
Preliminaries.
We begin by discussing the general features of the computation we perform. The three Green's functions we consider are
where r = − p − q by momentum conservation. The symmetric subtraction point is defined by the condition
where µ is the common mass scale. It will also be used as the mass scale to ensure that the coupling constant remains dimensionless in dimensional regularization in d-dimensions which we use throughout. Therefore our results for the finite parts of the vertex functions will not involve logarithms which can be restored from knowledge of the renormalization group functions. From (2.1) we have
and we will use p and q as the two independent momenta throughout. Their sum will be taken to flow out through a gluon external leg which will therefore be the reference leg in each of the vertices. Given that each vertex has a colour group tensor associated with it, we factor it off when we consider the symmetric point, which we do exclusively from now on, by defining
p 2 =q 2 =−µ 2 * All the results presented in the article, including the full analytic forms for an arbitrary gauge, have been included in an attached electronic data file for each of the three MOM schemes.
We will use ggg, qqg and ccg in equations to denote the triple gluon, quark-gluon and ghost-gluon vertex functions respectively. Next we decompose the Lorentz amplitudes Σ
into the scalar amplitudes. The Lorentz tensor basis for each function is not the same. Nor is the choice of basis we will use for the decomposition unique. The explicit forms of the tensors are given in Appendix A. Though we note that away from the symmetric point, where the equalities of (2.1) are no longer valid, then the basis will involve a larger number of tensors. Therefore, we formally define the scalar amplitudes as
where Σ i (k) (p, q) are the scalar amplitudes at (2.1) and
(p, q) are the tensors of the respective bases with i corresponding to one of ggg, qqg or ccg. We use k to label the basis elements and have chosen the labelling in such a way that channel 1 corresponds to the tensor which occurs in the Feynman rule of the corresponding vertex in the QCD Lagrangian. Though given the structure of the triple gluon vertex the first six tensors are part of that vertex.
To determine the values of each of the scalar amplitudes we use the method of projection. In other words an identified amplitude can be isolated by multiplying the Green's function by a specific linear combination of the basis tensors. Therefore, we have
for each vertex where we have included the passive colour factor on the left hand side to complement the one which is implicit on the right side. The free spinor indices in the quark-gluon vertex have been left implicit. The matrix M i kl is the projection matrix and the explicit forms for each of the vertices are given in the appendix. It is computed by first finding the matrix N i kl for each vertex which is constructed from the basis tensors by Lorentz contraction in d-dimensions using the conditions of the symmetric point, (2.1). In other words
This produces a matrix, N i kl , whose entries are polynomials in d and M i kl corresponds to its inverse. For the quark-gluon vertex the tensor basis necessarily has to be built from γ-matrices in addition to the momentum vectors. As we will be working in dimensional regularization we will use the generalized γ-matrices, Γ
, [34, 35, 36] . These form a complete set of matrices which span the spinor space of the associated d-dimensional spacetime. They are defined to be completely antisymmetric in the Lorentz indices and are given by
where an overall factor of 1/n! is understood and Γ (0) is the unit element. One beneficial property, among other general properties [37, 38] , is that the trace over the generalized γ-matrices is isotropic as tr Γ
and I µ 1 ...µmν 1 ...νn is the unit tensor. For the quark-gluon vertex only the n = 1 and 3 generalized matrices arise, as we are working in the chiral limit throughout, which can be seen in the explicit decomposition in appendix A.
We have used several main working tools to complete our analysis which are all computer based as it would be virtually impossible to proceed without automatic Feynman diagram generators as well as symbolic manipulation programmes. For each of the three vertex functions the Feynman graphs are constructed with the Qgraf package, [39] . For the triple gluon vertex there are 8 one loop and 106 two loop diagrams contributing to the Green's function. For the other two vertices the number of graphs is the same with 2 one loop and 33 two loop diagrams. From the Qgraf output the Lorentz and colour indices are appended in the symbolic manipulation language Form, [8] . Indeed Form is used as the machinery for the rest of our algebraic computations as it is efficient in handling the huge amounts of algebra required for our analysis. To compute the Feynman graphs to the required finite part in dimensional regularization we use the Laporta algorithm, [40] . Briefly the aim is to write each Feynman diagram in the Green's function in terms of a set of basic scalar master integrals whose expressions to the finite part are known. After applying the projection matrix to the Green's function the resulting scalar Feynman integrals are written in a specific format. Given the structure of the QCD propagators and vertices the scalar products in the numerators are rewritten in terms of the propagator denominators in preparation for using the method of [40] . However, given the symmetric point condition then for all the topologies there will be irreducible numerators where there are no corresponding denominators. Equally there will be propagators raised to a power larger than unity. To reduce this very large number of scalar integrals to the set of masters requires an intense amount of integration by parts. One method which achieves this is the Laporta approach, [40] . This systematically determines all the integration by parts relations, as well as Lorentz identity relations, between all the integrals which are needed. The algorithm then uses a systematic way of reducing integrals classified in various levels to the lower levels or to a basic master in that level. The beauty of the method is that it terminates and can be coded for implementation on a computer. There are several available packages. We have chosen to use Reduze, [41] , which is written in the symbolic manipulation formalism of GiNaC, [42] , whose working language is C++. One main aspect of the package which we exploit is to construct a database of relations between the integrals and then to lift out those we require for our specific computation. These are simply mapped to Form format and an integration module included within our overall automatic Form programme. This sums up all the contributions to each of the Green's functions allowing us to perform the renormalization in any of the schemes of interest. For the latter we follow the algorithm for automatic Feynman diagram computations devised in [12] . This involves performing all the integrals as a function of bare parameters with the renormalized values introduced by a simple rescaling via the respective renormalization constants. Therefore, this means that we only compile the results for the vertex amplitudes once prior to determining the MS or MOM scheme renormalization group functions and amplitudes.
Finally, as the analytic results we derive involve cumbersome expressions even in the Landau gauge as will be evident, we will give numerical values for all our results in an arbitrary gauge. As our computations revolve around the symmetric subtraction point the underlying one and two loop scalar master integrals involve structures not seen in the 3-point momentum configuration where one external momentum is nullified. In the latter case at low loop order one ordinarily only encounters rationals and the Riemann zeta function, ζ(z). For the symmetric point one finds the function
for various arguments where Li n (z) is the polylogarithm function as well as one specific combination of the harmonic polylogarithms which we denote by
31 + H
43 .
(2.10)
The master integrals where these originally arise are summarized in [43] but the explicit evaluation are given in a set of articles, [44, 45, 46, 47] . Given that these functions will arise we record the relevant numerical values that we needed which are 3 Renormalization.
We devote this section to general aspects of MOM scheme renormalization. Having described the computer algebraic machinery used to construct the vertex functions we now recall how the MOM schemes are defined where we regard the amplitudes of (2.4) as having been determined to the finite part. The divergences are removed into the coupling constant renormalization constant. However, to two loops this is an iterative procedure which is entwined with the 2-point function renormalization. This is because to extract the coupling constant counterterm from the vertex function one has to pay attention to the wave function renormalization constants of the external fields of the vertex function. Therefore, one first determines the one loop wave function renormalization constants in the MOM scheme of interest which is then fixed in examining one loop vertex function defining that particular MOM scheme. For both the 2-point functions and the specific vertex the MOMi renormalization constant is defined so that at the subtraction point there are no O(a) corrections after the renormalization constant is defined. Throughout we will use the syntax that in MOMi or equations i represents ggg, q or h. Once the one loop renormalization constants are fully determined then one repeats the exercise for the two loop contribution to first the 2-point function and then the associated vertex. The reason for explicitly defining the procedure is to ensure that there is no inconsistency in determining the coupling constant renormalization constant. The finite parts of the one loop wave function renormalization constants impact upon the finite parts of the two loop MOMi coupling constant renormalization constants, [21] . Otherwise an inconsistency in the renormalization group would emerge in trying to deduce the anomalous dimensions as well as the associated conversion functions for each renormalization constant. As a check on the vertex functions we have computed, we have verified that the two loop MS coupling constant renormalization constant of [1, 2, 3, 4] correctly emerges when renormalizing at the symmetric subtraction point. One final point concerning our MOMi scheme renormalizations and that is that we first determine all the amplitudes before setting the renormalization constants for each scheme. For MOMi schemes we render that channel with the ǫ divergences to have no O(a) corrections. However, we emphasise that this is by no means the only way of defining the renormalization constants within the MOM ethos. An alternative, for instance, is to first multiply the vertex function with its Lorentz tensor structure present, by the tensor of the corresponding Feynman rules. Then the coupling constant renormalization constant is defined by ensuring that there are no O(a) corrections to this object. We note that doing this for each of the three schemes would involve several of the non-Feynman rule amplitudes in contributing to the coupling constant renormalization. We have not proceeded in this way as it does not appear to be in keeping with [21, 22] . However, in providing the full vertex structure in terms of the Lorentz tensors in the MS scheme an interested reader has the opportunity to study such alternative MOM scheme definitions. Indeed it may be the case that convergence of certain perturbative series could be improved in such a way.
Having reviewed the procedure we followed we now comment on the relation of the parameters of the theory in different schemes. For QCD the relevant parameters are the coupling constant and the linear covariant gauge fixing parameter. As the former is vertex dependent we comment on the latter first. As outlined the MOMi renormalizations require 2-point function renormalization. Therefore, like the coupling constant, [21] , the gauge parameter can be different in different schemes. To relate them we follow the standard method and define
where the subscript on the parameter refers to the scheme the variable is defined with respect to and Z A is the gluon wave function renormalization constant. We follow the same conventions as [48] in defining the gauge parameter renormalization constant, Z α , by
where the subscript, o , indicates the bare parameter. With this convention then the respective anomalous dimensions satisfy, [48] ,
in each scheme and γ α (a, α) is the anomalous dimension of the linear covariant gauge parameter. In carrying out the renormalization in each of the three schemes we have determined α MOMi (µ) for each of the three cases and found that using the MOM scheme definition of [21] 
To ensure that the mapping is not divergent due to poles in ǫ one has to iteratively solve (3.1) order by order in perturbation theory hand in hand with the coupling constant of that scheme. This is because when we set the renormalization constants in a scheme both parameters of the explicit forms belong to that particular scheme. From (3.4) we see that the gauge parameter mapping is the same for all three schemes. Indeed it is the same as that for the RI ′ scheme, [48] . This is not unexpected as the parameter mapping is effectively the conversion function and reflects an underlying feature of the renormalization group. In essence it tracks how the scheme is defined for that one parameter amidst the renormalization of all the other parameters and wave functions within the Green's functions. This will become evident later for other renormalizations. Therefore, given this feature the three loop term of (3.4) has already been given in [48] . Further, we recall that it means that the Landau gauge is preserved between the schemes.
The procedure to define the relation between the coupling constants in different schemes is similar. Though as we are dealing with three MOM schemes then the definitions are different in each case. We follow [21] and [22] for this and define
where we use the same designation for the vertices as before. Clearly the definitions involve the respective vertex functions evaluated at the symmetric subtraction point. Moreover, the amplitude chosen is that which has the divergences in ǫ prior to renormalization or equivalently the amplitude which corresponds to the vertex Feynman rule. In the case of the triple gluon vertex we have chosen channel 1 which is only part of the Feynman rule. However, as will be apparent from the explicit results the other amplitudes from 2 to 6 are related in the way one would expect from the vertex structure so that our definition is consistent. Whilst in each of the three definitions the corresponding amplitude in the MOMi schemes have no O(a) corrections, we have formally included it to ensure the normalization is correct and that the ratio of the vertex amplitudes from MOMi to MS begins with unity. The other main feature of (3.5) is the presence of the 2-point functions. Specifically Π g (p), Σ c (p) and Σ q (p) are respectively the scalar amplitudes of the gluon polarization and the Faddeev-Popov ghost and quark self-energies in the various schemes. The particular combination of which of these appears follows from the vertex of that MOMi scheme. In deriving the perturbative relations between these two parameters one has to proceed iteratively order by order in perturbation theory paying attention to the gauge parameter mapping in the same scheme at the same time.
One particular property of the gauge parameter and coupling constant mapping between the MOMi and MS schemes is that we can now construct the other conversion functions for the wave function renormalizations and the coupling constant itself. Whilst the latter is not unrelated to (3.5) we note that we regard conversion functions as being derived from the explicit forms of the renormalization constants themselves in the two schemes to be consistent with other work. Therefore, since we define the coupling constant renormalization constant, Z g , by,
then the conversion functions are given by
where φ ∈ {A, ψ, c}. We will record the explicit forms of these for each of our schemes but note that to determine them we follow the same iterative procedure as we did in deriving (3.4). One main benefit of the conversion functions and the parameter mappings is that we can deduce the β-function and anomalous dimensions to three loops from the renormalization group. Specifically, [22] ,
where the MOMi β-functions will depend on the gauge parameter and only be scheme independent at one loop as these are mass dependent renormalization schemes, [21] . Though the MS β-function is independent of α which is why it has only one argument. The mapping MS → MOMi indicates that the object within the square brackets is first computed in terms of MS variables and then these variables are mapped back to the MOMi scheme variables by inverting (3.4) and those derived from (3.5). As a check on this procedure we have calculated the β-function and anomalous dimensions to two loops for each MOM scheme directly from the two loop renormalization constants and verified that the computation contained on the right hand sides of (3.8) and (3.9) are in agreement at the same order. This only requires the one loop terms of the conversion functions and therefore this provides a check on our computer routines designed to do this automatically. Finally, in order to ease comparison of our three loop MOMi results with the MS scheme in the same notation the numerical expressions for SU (3) for the latter scheme are, [1, 2, 3, 4, 5] , 
Triple gluon vertex.
We now begin the mundane task of recording our results for each scheme and its respective vertices by concentrating on the triple gluon vertex first. As indicated earlier the full analytic versions of all the results for an arbitrary gauge, in this and the next two sections, have been included in a separate data file. The MS SU (3) numerical values for the amplitudes are
We have indicated the relations between amplitudes of the various projection tensor channels. These are consistent with the expectations for the structure of the vertex from symmetry given that we have evaluated the vertex function at the symmetric point. In addition in this context
which we checked was true to two loops prior to the numerical evaluation. In Table 1 we give the comparison of our results for the channel 1 amplitudes to those of [22] . In this and other comparisons we have used the coupling constant convention of the presentation in [22] where the series was in powers of α s = g 2 /(4π 2 ). This is to retain the error estimates given in [22] . It is clear that our evaluation is comfortably close to the approximations of [22] . The MOMggg scheme amplitudes satisfy the same relations and in particular we have 
with the corresponding relation
also being true to two loops analytically. Given the nature of the MOMggg scheme the relations for the amplitudes of channels 1 to 6 demonstrate that our renormalization is consistent and that our projection has been implemented consistently within our Form programmes as well as being a check on our Reduze database. Next we record the four conversion functions for the wave function and coupling constant renormalizations in the MOMggg scheme relative to the MS scheme. These are (a, α) we can deduce the explicit form of the coupling constant mapping. Though as the full form is cumbersome we record the analytic version for the Landau gauge which is Equipped with these we have computed the three loop renormalization group functions for the MOMggg scheme. Again given space considerations we record the Landau gauge expressions for each case. They are
That for the quark anomalous dimension is relatively compact as there is no one loop term in the Landau gauge. The explicit gauge dependence is given in the numerical evaluations for SU (3) which are We recall, [22] , that unlike the MS scheme the three loop term of the MOMggg β-function is cubic in N f and not quadratic.
5 Ghost-gluon vertex.
We repeat this exercise now for the structure of the ghost-gluon vertex and the associated MOMh renormalization scheme. As channel 1 contained the poles in ǫ after MOMh renormalization then in that scheme there are no corrections at the symmetric subtraction point. Unlike the other two vertices we do not include a table comparing our numerical expressions with those of [22] as there is no direct comparison † . Moreover, we have examined whether various combinations of our amplitudes can produce agreement, because of potentially different conventions of defining the basis, but have failed to find any. For other quantities related to the MOMh scheme such as the coupling constant mapping and some coefficients of the three loop SU (3) Landau gauge β-function we find similar but minor discrepancies with [22] which suggest a consistent typographical error in the presentation of certain equations in [22] . Further, related inconsistencies for the results for this vertex given in [22] have also been noted in [28] . Whilst we will comment in more depth in section 7 in the context of the results of the other two schemes we note that our benchmark check, [24] , on the Landau gauge SU (3) β-function for MOMh was slighty better than that of the MOMggg case.
Continuing with the presentation of our results, the SU (3) The analytic form of the first of these leads to the coupling constant mapping Using the renormalization group the three loop renormalization group functions emerge. Analytically in the Landau gauge we have 
The β-function has the same N f polynomial structure as the MS scheme.
6 Quark-gluon vertex.
Finally, we complete our task with the quark-gluon vertex and the MOMq scheme expressions. 
where the symmetry of the exchange of the two external quark legs is manifest. This emerged from the computation and was not imposed. In Table 2 we have given the comparison table  analogous to Table 1 for this vertex. Again the numerical estimates and the results we have produced are virtually identical. Table 2 . Comparison of channel 1 two loop Landau gauge amplitude with [22] by colour factor.
The corresponding MOMq scheme expressions are
− 28.1605810 − 15.7267125α + 11.9916906α 2 + 5.1627786α where clearly channel 1 correctly corresponds to the MOMq scheme definition as it is the only channel to contain the divergences in ǫ. The quark external leg interchange also correctly emerges as a minor check on our computations corresponding to swapping p and q. From the renormalization constants in each scheme the numerical conversion functions from MOMq to MS for SU (3) are
The analytic form of the first produces the coupling constant mapping which is Thus, similar to the previous sections the explicit three loop Landau gauge renormalization group functions are
The corresponding arbitrary linear covariant SU (3) expressions are Unlike the previous two sections we close this section with a few remarks on other renormalization group functions in QCD. Recently, there has been interest in the RI ′ /SMOM renormalization scheme which was developed in [49] . Briefly the scheme was introduced to renormalize flavour non-singlet quark currents in a quark 2-point function at the symmetric subtraction point. The motivation for such a scheme is that it circumvents potential infrared singularities of the measurement of the same Green's function on the lattice in the chiral limit for exceptional momentum configurations, [20] . More specifically the scalar, vector and tensor currents have been considered at one and two loops in this scheme, [49, 43, 50] , and the associated conversion functions for each operator relative to the MS scheme have been determined. Thus the RI ′ /SMOM three loop operator anomalous dimensions have been deduced in an arbitrary covariant gauge. More recently, the full set of amplitudes has been provided for each of these currents at two loops in [51] . Equally the same information has been provided for the n = 2 and 3 moments of the flavour non-singlet Wilson operator central to deep inelastic scattering, [52, 53] . As an extension of the RI ′ /SMOM analysis we have determined the three loop anomalous dimensions of the scalar and tensor quark currents as well as the n = 2 moment of the Wilson operator in the MOMq scheme. Numerically the SU ( 
where S and T respectively denote scalar and tensor currents. The Wilson operator second moment three loop anomalous dimension corresponds to the 11 entry of the dimension two upper triangular mixing matrix, [52] . The 22 entry corresponds to the total derivative operator for this operator moment but its anomalous dimension is equivalent to that of the vector current, [52] . As the vector current is conserved and hence a physical operator its anomalous dimension is zero to all orders in perturbation theory consistent with the Slavnov-Taylor identity. Whilst we have included a subset of the operators considered in recent RI ′ /SMOM analyses for comparison we have not recorded the complete set for the MOMq or either of the other MOM schemes discussed here. The reason for this is simple. In deriving (6.43), (6.44) and (6.45) we have arrived at the results by constructing the respective conversion functions and then using the analogous relation to (3.9) for operator renormalization. It transpires, like our observation for the wave function and gauge parameter conversion functions, that the respective conversion functions are formally the same as those already given in [49, 43, 50] for the quark currents and that for W 2 given in [52] . The only difference here in producing (6.43), (6.44) and (6.45) is that the coupling constant mapping between the schemes is not trivial as it is in the RI ′ /SMOM case. Therefore, if one is interested in the structure of the three loop anomalous dimensions in the MOMggg and MOMh schemes it is merely a simple exercise to construct them from the known conversion functions. We should add that in deriving the two loop parts of (6.43), (6.44) and (6.45) we have not only used the renormalization group construction but also carried out the explicit two loop renormalization of each of the three operators in the MOMq scheme. Therefore, the two loop terms of each have been derived directly and also indirectly from the respective one loop conversion functions which we have constructed explicitly.
7 Discussion.
We close with some remarks and give an overall perspective on our computations. First, we have computed the two loop structure of each of the trivalent QCD vertices with a linear covariant gauge fixing at the symmetric subtraction point for the MS scheme as well as the three MOM schemes. Although we have only given the MOMggg, MOMh and MOMq versions for each of the respective triple gluon, ghost-gluon and quark-gluon vertices, the values of say the triple gluon vertex in the MOMq scheme, if of interest, can be readily deduced from the results given here via the Slavnov-Taylor identities of QCD, [21] . In addition we have deduced the basic three loop renormalization group functions including the β-functions in each of the three MOM schemes in an arbitrary linear covariant gauge. As there has been numerical estimates for some of these quantities in the Landau gauge in [22] we need to comment on how our results compare in addition to earlier remarks. First, we consider the SU (3) Landau gauge two loop mapping of the coupling constant from the MOMi schemes to MS. Specifically, the polynomials in N f of the perturbative map were given in [22] , which could only be evaluated numerically in [22] . In Table 3 we give the results of [22] in its notation, in order to preserve the error estimates, together with the numerical evaluation of our analytic results for SU (3) is significantly different. We believe that this is a transcription inconsistency in the presentation of the results in [22] akin to that noted earlier here and in [28] for the amplitudes of this vertex. This is also because we do not tally with the one loop coefficients d MOMh which are known exactly, [21] . We have checked that we obtain the same one loop MOMh ghost-gluon vertex counterterm given in [21] exactly for all α. Equally we have obtained the same vertex counterterm as [21] for the quarkgluon vertex as a check on our overall procedures which were the same for each vertex. For instance, the one loop master integral denoted by I in [21] and [22] 
arises in d MOMh
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. It derives directly from the vertex counterterm only and the coefficient of I is therefore in a one-to-one mapping to the coefficient of I in d MOMh
. Comparing the counterterms of our results and [22] , it is clear that the coefficients differ but we find our expressions are consistent with [21] . Therefore, the one loop agreement of our MOMh results with [21] suggests that we have a more credible MOMh coupling constant mapping as we have followed the same symbolic algebraic algorithm as that for MOMggg and MOMq. Table 3 . Comparison of two of the two loop SU (3) coupling constant relation coefficients for each scheme in the notation and convention of [22] .
Concerning the final Landau gauge SU (3) β-functions of [22] , we have already briefly noted the accuracy of our exact expressions in [24] . Summarizing, for the coefficient of the N f independent three loop term the agreement was around 2% for the MOMggg and MOMh β-functions and less than 0.2% for MOMq. In Table 4 we have presented the coefficients of the polynomial in N f of the three loop term of the β-function in each scheme. These are denoted by β lj where again l is the loop order and j is the power of N f in the polynomial. Only the MOMggg scheme has a cubic term in N f and it is known analytically. So the precise numerical agreement merely reflects this. The linear term in N f in the MOMggg scheme is virtually zero because of an accidental cancellation for the colour group SU (3) which was noted in [22] . This is the reason why a large error was recorded for this coefficient though we obtain the same sign for our coefficient. Overall for MOMggg and MOMq all the coefficients are very close to the central values given in [22] . That for β MOMggg 30 had a relatively large error, possibly as a result of the purely gluonic graphs which might have a more slow convergence in the asymmetric expansion parameter approach used in [22] . However, it is still reassuring that our result emerges so close to the central value in this particular case which roughly has a 2% error. Therefore, in this context the slightly smaller error on β MOMh 30 suggests that ultimately the MOMh β-function of [22] has been correctly obtained. Although the agreement of the other N f polynomial coefficients is reasonably decent there does not appear to be as close an overlap compared to say those for MOMq. This is probably, because, as we noted earlier, the amplitude for the triple gluon and quark-gluon vertices for the channel containing the poles in ǫ, or equivalently the channel corresponding to the vertex Feynman rule, are in very good agreement with the Landau gauge estimates given in [22] . Therefore, overall we are confident that our results are correct. Table 4 . Comparison of coefficients of three loop Landau gauge β-function in the convention of [22] .
One final point worth emphasising in this regard is to note that when the computations of [22] were being carried out the technology available in terms of algorithms, such as [40] , and computer power was not comparable to that of current levels. Therefore it is a remarkable achievement that overall the results are in solid argreement. This is partly because the expansion technique of [22] to evaluate a 3-point Green's function at the symmetric point in terms of 2-point functions to allow the application of Mincer, requires a large amount of integration by parts especially as the powers of the propagators increases in each term of the expansion. Despite this, however, it would seem that the method of [22] could be extended in principle to tackle the construction of the vertex functions to three loops. Whilst there are now three loop anomalous dimensions and β-functions available as intermediate checks on any numerical estimates, it would provide a reasonable estimate for four loop renormalization group functions including the β-functions in physical MOM schemes. Such higher order computations may be necessary soon in order to not only assist with lattice matching of vertex functions but also for more accurate determination of the value of the strong coupling constant.
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A Tensor basis and projectors.
In this appendix we list in turn the basis of tensors used as well as the coefficients for the projection of each of the three vertices. Away from the symmetric subtraction point the tensor basis is enlarged.
A.1 Triple gluon vertex.
For the triple gluon vertex we have the basis tensors P ggg (1)µνσ (p, q) = η µν p σ , P ggg (2)µνσ (p, q) = η νσ p µ , P A.3 Quark-gluon vertex.
The quark-gluon vertex tensor basis involves six independent tensors. These are the same as those used for the vector current insertion in a quark 2-point function in [51] and are given by
